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BAT PANG THUC KIEU HERMITE-HADAMARD CHO TiCH CUA HAI HAM (p, h)-LOI
Lé B4 Thong', Nguyén Ngoc Hué'
Ngay nhan bai: 10/03/2025; Ngay phan bién thong qua: 08/04/2025; Ngay duyét dang: 10/04/2025

TOM TAT
Trong bai bao nay, chung t6i thiét 1ap cac bat ding thirc kiéu Hermite-Hadamard cho tich cuia hai
ham (p, /) -16i. Cac bat dang thirc nay la mo rong cua cac két qua ¢6 dién cho ham 10i. Dya trén nhirng
ket qua dat duge, ching toi chi ra cac bat dang thirc kiéu Hermite-Hadamard cho tich ctia ham (p, /)
-16i lién quan dén tich phan bac khéng nguyén Riemann-Liouville va cho tich cua hai ham (p,#) -16i

doi xtmg hoa.

Tir khéa: Ham (p,h) -16i, ham (p,h) -16i doi xirng héa, bt ding thirc Hermite-Hadamard, bat dang
thiee Fejer, tich phan bdc khong nguyén Riemann-Liouville.

1. MO PAU

Ham 16i dong mot vai tro then chdt trong nhiéu
nhanh cua toan hoc, dic biét 1a trong tdi uu hoa,
giai tich va li thuyét bt ding thirc. Bat dang thirc
Hermite-Hadamard, mot két qua co ban cho ham
16i, cung cép mot udc lwong cho cac gia tri trung
binh lién quan dén ham 16i. Cu thé, ddi véi mot
ham 16i f:[a,b] > R, bét dang thirc Hermite-
Hadamard (Fejér, 1906; Hadamard, 1893) chi ra

rang
a+b 1 b fla)+ f(b)
f[ : jSTaI f)dx 2

Bét ddng thirc nay da dugc nghién ctru rong rai
va tong quét hoa theo nhidu hudng khac nhau. Mot
hudng nghién ciu dugc khdi xudng bdi Pachpatte
(Pachpatte, 2003) d3 tap trung vao viéc thiét lap
mot sb bat dang thirc kiéu Hermite-Hadamard cho
tich ctia hai ham 16i. Nhitng nghién ctru tiép theo
da duoc thuc hién boi Budak va Bakis (Budak and
Bakis, 2020), nhimg ngudi da kham pha cac bat
dang thirc kiéu Fejér cho tich cua hai ham 161, mo
rong va lam min cac két qua hién c6. V& sau, di
c6 nhiéu két qua khac vé bat dang thirc cho tich
ctia hai ham 16i (c6 thé tim thay trong (Cerone and
Dragomir, 2008) va (Chen, 2013)), cho tich cua hai
ham (p,h)-16i (tham khao (Hue and Huy, 2016)
va (Sarikaya et al., 2003)) va mot s 16p ham khac
(xem (Budak and Bakis, 2020; Dragomir, 2017;
Nawaz et al., 2021) va (Sahoo and Kodamasingh,
2020)).

Trong nhitg nim gan day, khai niém vé ham
(p,h)-16i, dugc gisi thiéu boi Fang va Shi (Fang
and Shi, 2014), di thu hut dwuoc su chu ¥ dang ké.
Su téng quat héa nay cta tinh 16i dd dugc ching
minh 13 mot cong cu manh m& dé thiét 1ap cac bat
dang thirc tich phan méi. Hon nita, khai niém vé
tinh 10i di xrg hoa, bat dau tir nhitg nghién ciru
ctia Dragomir (Dragomir, 2016) cho ham 16i d6i

xtmg hoa va ham £ -10i ddi ximg hoa cho dén gan
day la ham (p,h) -16i ddi xumng hoa (Thong, 2023),
da cung cép nhiing hiéu biét méi lién quan dén cac
bat dang thirc kiéu Hermite-Hadamard.

Trong bai bao nay, ching toi chimg minh céc
bat dang thirc tich phan méi cho tich cua hai ham
(p,h)-161 va (p,h)-16i doi xung hoa. Cu thé,
chung t6i thiet 1ap céc bat dang thuc kiéu Hermite-
Hadamard cho cac tich nhu v@y. Nhitng két qua
nay la mé rong cua cac két qua trong (Pachpatte,
2003). Chung t6i ciing chi ra cac bat ding thic
kiéu Hermite-Hadamard cho tich phan bac khong
nguyén Riemann-Liouville cta tich ctia hai ham
(p,h)-16i dya trén két qua vua dat dugc. Hon nira,
chung t6i tiép tuc phat trién nghlen cliru cua Thong
(Thong, 2023) bang cach cung cap cac bat dang
thirc cho tich cta hai ham (p, 4) -161 do1 xtimg hoa.
2. VAT LIEU VA PHUONG PHAP NGHIEN
CUU
2.1. Ngi dung nghién ciru

Trong bai bao nay, chung t6i nghién ctru nhiing
ndi dung chinh nhu sau:

- Bat dang thic kiéu Hermite-Hadamard cho
tich hai ham (p, 1) -161.

- Bét ding thuc kiéu Hermite-Hadamard cho
tich phan bac khong nguyén cua tich hai ham
(p,h)-loi.

- Bét dang thuc kiéu Hermite-Hadamard cho
tich hai ham (p,h) -101 doi xtng hoa.

2.2. Phwong phap nghién ciru

- Chung t61 str dung phuong phap nghién ctru
toan ly thuyét bao gdm phan tich, so sanh, doi
chiéu, tong qué‘g hoa, dac biét hoa dé du doan va
dua ra cac bat dang thirc moi.

- Sir dung céac bién dbi lién quan dén cac bat
dang thuc kiéu Hermite-Hadamard dé thiét lap
cac bat dang thirc mdi cho 16p ham (P, -161 va

'Khoa Khoa hoc Ty nhién va Cong nghé, Truong Dai hoc Tdy Nguyén.
Tac gia lién hé: Lé Ba Thong; DT: 0978165041, Email: Ibthong@ttn.edu.vn.
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(p,h) -15i d6i xtng hoa.

- Sur dung cac cac danh gia dua trén ly thuyét
ham (p,h)-10i va (p,h)-161 doi xing hoa dé suy
ra cac tinh chat cua 16p ham nay.

3. KET QUA VA THAO LUAN
3.1. Pinh nghia va cdc két qud co bin

Xuyén sudt bai bao nay, chung toi xét a,b 1a
cac so duong, voi a<b; p #0; J lakhoang thuc
thoa man (0,1) c J ; ham & :J —[0,00) kha tich
va khong dong nhat bang khong trén [0, 1] . Trong
nhiing dinh 1i phia sau, voi muc dich lam cho
cac bat dang thac trong don gian hon, ching toi

thuong chia ca hai vé cho A (%) . Do d6, ching t6i

1 .
gia dinh A (5] khac 0 trong trudng hop nd xuat

hién & mau s6. Ngoai ra, véi  f, g 1a cdc ham s6

bét ki, ta ki hiéu
f(x)g(x)+7()g(v).va

M (x.y)= (x
N(xy)=/(x)g(v)+/(v)g(x),

voi moi x,y thudc tdp xac dinh chung cta
f.e

Dau tién, trong Dinh li 1, chung téi trinh bay
lai bat dang thuc kiéu Hermite-Hadamard cho tich
ciia hai ham 16i dd dugc Pachpatte (Pachpatte,
2003) dua ra.

Dinh Ii 1 (Pachpatte, 2003). Néu f va g 1a
cac ham 16i trén [a,b] va fg kha tich trén [a,b]

thi
a+b J

A2

1 1
+—M(a,b)+—N(a,b),
p (a,b) 3 (a,b)

a+b
2

va
b j " (0 g()dx S - M(a,b) + - N(a,b),
—ada 3 6

Céac bat dang thuc kiéu Hermite-Hadamard-
Fejér cho tich ctia hai ham 16i da duoc thiét 1ap
gan day boi Budak va cong su (Budak and Bakis,
2020).

Pinh li 2 (Budak and Bakis, 2020). Gia su w
1a mot ham khong am, kha tich trén [a,b], va d6i

xung qua a+b’ tuc 1la, w(x)=w(a+b—x).

Néu f va g la cac ham 16i trén [a,b] sao cho
fgw kha tich trén [a,b], thi ta c6 bat dang thirc
sau

Zf(a;bjg(a+bjj Ww(x)d
< [ F)gwx)dx
](‘Z (_“ ;’ ) j (b—x)(x —a)w(x)dx
(]Z(_“ l;)j (b - x)*w(x)dx,
va
[ £ ()gwx)d
M(a,b) b,
S—(b— 2 j (b —x)*w(x)dx
(]Z(_a [;)J- (b—x)(x—a)w(x)dx.

Trong muc tiép theo, chung toi tong quat hoa
cac két qua trong Dinh 1i 1 cho trudng hop cac
ham (p, h) -16i, mot khai niém dugc gidi thidu boi
Fang trong dinh nghia sau.

Pinh nghia 1 (Fang and Shi, 2014). Ta néi
rang f 1amot ham (p, /) -16i trén [a,b] néu f
khong am va

[l +1=0y"1")

< h(o) f )+ hA=1) /()

voimoi x,y e€la,b],va te(0,1).

T dinh nghia trén, ta c6 thé thay rang néu f
va g la cac ham (p,h)-16i trén [a,b], thi chiung
ciing 1a cac ham (p,h)-16i trén [x, y], voi moi
X,y €[a,b] va x < y.Chung toi st dung tinh chat
nay trong phan ti€p theo dé thict 1ap cac két qua.

Bit dang thirc Hermite-Hadamard cho cac ham
(p,h)-16i duoc gisi thiéu béi Fang (Fang and Shi,
2014) nhu sau.

Pinh li 3 (Fang and Shi, 2014). Néu f laham

(p,h) -10i va kha tich trén [a,b] va h(%} 0
1
1

Zh@fu H

b
gL s

a’ +b?
2

<[f(@)+ fB))] h@ydt.

V6i f 1amét ham s6 bt ki xac dinh trén [a, b], ta
ki hiéu

23
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-

[f(x)+f([a +b" =x"17)]
vOi moi xe[a,b] va goi n6 1a dnh xg p

-doi ximg cia f trén doan [a,b]. T cong
thirc xac dinh anh xa p -doi xung, ta thay rang

1/p
a’ +b” .
, tuc la
2

P]”P). Hon nita,

Byp(¥) =

sz;p)

dbi xtmg qua {

By () =F,. >([ap +b" —x

ta c6 thé dé dang chimg minh duoc rang

a’+b" " a+b" "
P(f;p)[{+:| J=fu ; } }

Bypy(a)= (fp>(b)— [f(a)+f(b)]~ (1)

Céc dang thic nay gop phﬁn vago viée thiét lap
cac bat déng thirc cho 16p ham ‘P> _15i dbi xing
hoa.

Pinh nghia 2 (Thong, 2023). Mot ham
f:[a,h] >R dugc goi la (p,h) -10i d6i xtng
hoa trén [a,b] néu anh xa p -ddi xtng R, la
(p,h)-16i trén [a,b].

Trong (Thong, 2023), tac gia da chi ra rang 16p
cac ham (p, h)-16i trén [a,b] 12 mot tap con thuc
su cua 16p cac ham (p,h)-10i ddi xtmg hoa trén
[a,b]. Diéu nay c6 nghia 14 16p ham (p,h)-16i
d6i xtg héa 1a mot mo rong cia 16p ham (p, h)
-16i.

Dinh li 4 (Thong, 2023). Néu f 1a (p,h)-16i

d6i xtmg hoa va kha tich trén [a,b] va h (%j #0
thi

ol

s p If(X)

1

<[f(@)+ B, h)dr.
3.2. Bit ding thirc kiéu Hermite-Hadamard cho
tich hai ham (p, h)-loi

Trong phan nay, ching t6i gidi thiéu bat ding
thirc kiéu Hermite-Hadamard va truong  hop
mo rong cua né la bt dang thuc kiéu Hermite-
Hadamard-Fejér cho tich cta hai ham (p, &) -16i.

Pinh li 5. Gia st f va g 1a cac ham (p,h)
-16i trén doan [a,b], fg kha tich trén [a,b] va

[

h Gj # 0. Khi d6 ta c6 bat ding thirc sau

T e

Sl e
yr =t

x[g(z)+g([x” +y? —zP]"P )} dz

< pp B J.yzp_lf(z)g(z)dz
yr—xl

+M(x,p)[ O~ 1)dr

+N(x ), B @)t @)

va

L[z f(2)g(2)dz
Y —xP

< M(x,y)[ K ()t
TN(x, ) j; h)h(L-t)d, ()

voimoi X,y €la,b].

Churng minh.

Vi f va g la cac ham (p,h)-16i trén doan
[a,b] nén chung ciing 1a cac ham (p,h)-16i trén
doan [x,y] (hodc [y,x]), véi moi x,y €[a,b].
Khi d9, str dung tinh (p,h)-l0icua f va g taco

e

fﬂtx” +(1=1)y” (l—t)xz” +1y”

[

P _ p _ p
xg({tx +(12 t)y N :

(A-t)x" +ty

T

( j [txp +(1-1)y” ]l/p)—i-f([(l HX? +ty” ]1/p)]
([tx +(1 t)y ]l/p)+g([(1 t)xp‘f‘ly ]1/p):|

24
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=i Gj [/ (1" + =0y 17 ) g ([ex” + (1 =1)y"]")
L FA=0x" + 1717 g([(A=1)x” +97]'7) +f(A=Dx" + 1971V g ([tx? + (1 -1)y7]"")
+f (e + (1=0)y"1" ) (A -0)x" +5"17) |.4)

Lay tich phan cac bat dang thirc trén theo ¢ trén
doan [0,1],saukhiddibién z = [(1—£)x” +1y” 1"
, ta thu duoc

f[{xp-lz-yp} Jg[{xp-;yp} Jj-:zpldz

<on Gj[ [z (2)e(z)dz
+ j y 27 f(2)g([x" +y" =271 )dz}.

Diéu nay suy ra bat dang thirc dau tién trong
2).

Dé chting minh bit déng thic thir hai trong (2),
ta sir dung tinh chét ( p,h).-lc‘")i cia f va g trén
doan [x, y] (hodc [y, x]) dé din dén cac bat dang
thtre sau

S ([ex” +(1=0y"1" ) g ([ -0)x" +1y°1"7)
<[h(@) f(x)+h(1=1)f ()]
x[h(1-1)g(x)+h()g(y)]

= h()h(1=0)[f(x)g(x)+ f(v)e(»)]
+1(0) S () () +H 1=1) [ (1)), (5)

Lay tich phan ca hai vé ctia (5) theo ¢ trén doan
[0,1], sau khi dbi bién z=[(1-1)x" +1"]"" &
vé trai, ta thu duoc

—E [ 2 @ (i 4y 217 )dz
yr—xl o

< M(x.y)[ WOh(=0)de+ N, p) [ B 1)t

Két hop bat dang thirc nay véi bat dang thirc

Eﬁp tién trong (2), ta thu duoc bat dang thic tha
albé chimg minh (3), ta bién d6i nhu sau

S (e +A=0y17 ) g (e + (1=0)y"1"7)
<[h@)f(x)+h(1-1)f(y)]
x[h(t)g(x)+h(1-1)g(y)]

=W () f()g(x)+ 1 (1-1) f(1)g(»)
+h()h(1-0)[f (x)g(»)+f (¥)g(x)]-©

Lay tich phan ca hai vé ctia (6) theo ¢ trén doan
[0,1], sau khi d6i bién z=[(1-1)x" +t"]"" &
vé trai, ta thu duoc

L[ f(2)g(2)dz
)

yp
<M(x,y) jol R (6)dt + N(x, y)j; h()h(1 = 1)dt.

Vay chirng minh dugc hoan thanh.

Nhén xét 1. Néu h 1a ham dong nhét, p =1,
va x =a,y =b,két qua ciia Dinh 1i 5 tr¢ thanh két
qua cua Pinh i 1.

Dinh li 6. Gia st w la ham khong 4m, kha
tich trén doan [a,b], va ddi xting qua diém

{a,, +b” r _Néu f va g la cac ham (p,h)
2

-16i trén doan [a,b] sao cho fgw kha tich trén
1 o
[a,b] va h(aj # 0 thi ta c6 cac bat dang thire

sau

\S]

e OO LORT (e

< p

yP_xP

[ r@gemeE

1 xP+y? v x?+y? v y
21 (1j ( 2 2 l

z? ]1/” )] dz

P _ 4P pP_ P P xP
+M(a,b)j:zplh(zp al jh(y )Zcpjw(z)dz +N(a,b)I:z”‘1h2(JZ;p_);pjw(z)dz},

y=x") \y'-

vGimoi x,y €[a,b] va
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[ 2 (@eEm()d
<M(a,b)[ 2K ( ZZ
! Y

_yP P __ P P _ P
[ w(2)dz +N(a,b)[ 27| == | = (2,
_ xl’ x yP _ xl’ yp _ xl’

voi moi X,y €la,b] thbamin x< y.

Chitng minh. Nhan ca hai vé cua cac bat dang  luot thu duogc cac két qua
thuc (4) va (5) voi W([tx +(1- t)y ]l/p) sau
d6 1y tich phan va 4p dung phép doi bién, ta lan

1 x?+y? v x? +y? v ¥
fﬂ ] }g{[ } ] W
2w G] 2 2 L

<= Eo e @me) g v g (13 =217 ) Jae

va
ypfxp J.:Zp_lf(z)g([xp +y” _Zp]l/p)W(Z)dz
SM(a’b)LIyZIHh P _xP ) yP—z° W)z
yp_xp x yl’_xp yp_xp

P _ P
+N(a.b)—L—[ 20| == hw(z)de.
yP _ xP x yP _ xl’

Két hop hai bat dang thtrc trén ta co duoc két  dugc bang cach dp dung phuong phap tuong tu
qua thir nhat trong Pinh 1i 6. Két qua thir hai thu cho (6):

Pp » _‘-yzpflf(z)g(z)W(Z)dz
T

y
p_ P
< M(a.b); [ P%{Z al jw(z)dz
_ xp yp _ xp
P _ P p P
+N(a,b)—2L [Tz Y p X TE ).
yp_xp x yP_xP yp_x
. va
Chia ca hai vé cho , VOl x <y, tasuy 1 b 4
yP—x? JEf(x)=—— j (t—x)" f(t)dt, x <b.
ra bat dang thtrc can ching minh. [(a)
Nhén xét 2. Néu / 1a ham dong nhat, p=1, O day, I'(«) 1a ham Gamma xac dinh nhu
va x=a,y=>b, két qua trong Pinh 1i 6 tré thanh trong cong thirc sau
két qua trong Dinh 1i 2. () = J‘:’ e\t

3.3. Bit ding thirc kiéu Hermite-Hadamard cho

tich phéin bdc khong nguyén Riemann-Liouville Pinh Ii 7. Gid st f va g la céc ham (p,h)
cita tich hai ham (p,h)-1i . o o
-10i trén doan [a,b], fg kha tich trén [a,b] va

Trudc tién ta nhic lai rang cac ki higu J f 1
va J¢ b f biéu thi c4c tich phan bac khong nguyen h (Ej # (0. Khi d6 ta c6 bat dang thirc sau

Riemann-Liouville bdc a >0 (Kilbas et al.,
2006), duoc dinh nghia boi 1 / {xp +yP :|]/p . [x” iy :'wp
S = s [ 0 e > a )¢ 2
2
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gt romos rowen (<] (52

2 ( 2 2
+2aM (x, ) jo " h(e)h(1 - t)dt 2
< f([” +(1=0)y" 1" ) g ([c” + (A1=1)y7]"")

+f([a=0x" +1°1"7 ) g ([ -1)x" +1y7]"7)
véi moi x, y €[a,b]. +2M (x, y)h(t)h(1 1)

Chuing minh. N )R (0 + 1 (1=1)].
Tur cac bat dang thic (4) va (5), ta co

ahzl(;)fﬁ“?” =T )

< Iolta_lf([txp +(1_t)yp]l/p)g([l‘xp + (]_t)yp]l/p)dt
+j01ta-1f([(1—t)xp +tyP]l/p)g([(l_t)xp +Z)}p]l/p)dt

R2M () B 0)d +N ) [ T @ + B (A-Dldr. ()

IN

+aN )| e @)+ B (=)

Nhén bét ddng thic trén voi 47, sau do ldy
tich phan theo ¢ trén doan [0,1], ta thu dugc

Bét diang thirc can ching minh dugc suy ra tir
bat dang thuc (7) voi luu ¥ nhu sau

[ p (ler +a=00y717) g (e + (1 -1)p"1"" ) e
L ((0=0x" + 1717 ) g ([a-0x7 +17717 ) de
—Z “ 1p 1p dz o z=x" “! 1p 1p dz
R e M e IO e e
- @ e, e+, @@l ©
yr=x") Y

Ta két thiic chimg minh.

Pinh Ii 8. Gid st f va g 1a cac ham (p,7)  +h(DA(1=D)[f ()g(¥)+ [ (»)g(x)],
-16i trén doan [a,b] va fg kha tich trén [a,b].

Khi dé ta co céac bat dang thic sau va

f([(l—t)xl’ +typ]1/p)g([(1_t)xp_+_typ]l/p)

I'(a) a
G ey e SOOI HIE FORWOL <12 f(x)g () + 20 ()2 ()
<M(x,y) jO‘ 7[R () + h(1-1)]dt +h(Oh(1-)[f ()g(»)+ f(»)g(X)],
] ta thu duoc
+2N(x, y)jo t“h(Oh(1-t)dt, £ (1o +1-0y"17 Vg ([0 +1-0)y1")
voimoi x,y €la,b]. +f([(1 —0O)x" +1y"]"" )g([(l —)xP "] )
Chmgminh. < [hz(t) (- t)][f(x)g(x) T
Bang cach cong hai bat dang thuc:
(17 + Q=017 Vg (107 +(-0pr1)  2h(ORA=0Lf (1)g(r)+/(r)g ()]
<O f()gX)+h 1= f(»e(») =[n* (f)”l (I-0lM (x’y)
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+2h(t)h(1—-1t)N(x, ). tich phan theo ¢ trén doan [0,1], ta thu dugc bat

Nhan bit ding thie trén voi 97, sau do ldy dang thirc sau

'[;ta_lf([tx” +(1-0y"1") g (" +(A=0)y* 1" )t
H o ((0-0x" + 0717 g ([a-0x7 1717 )i
< M(x, y)'[ol R+ B (1-1)]dt +2N(x, y)jol t* " h(t)h(1-t)dt.

Bit dang thic can ching minh suy ra tir bat  thirc kiéu Hermite-Hadamard-Fejér 1an luot dugc

dang thie nay va dang thuc (9). trinh bay trong hai dinh li tiép theo.
3.4. Bit ding thirc kiéu Hermite-Hadamard cho Pinh 1i 9. Gid st £ va g la cac ham (p,h)
tich hai ham (p, h)-16i doi xirng héa -10i doi xtmg hoéa trén doan [a,b], fg kha tich

Phan nay trinh bay mot sd bat dang thirc lien . \ 1 .y L 1AL 4l
. Y . trén [a,b h| —|#0. Khi do ta c6 bat d
quan dén cac ham (p, k) -16i doi xtng hoa. Cu thé, ren [a,0] va 2 1ot co bat dang
bat dang thirc kiéu Hermite-Hadamard va bat dang  thirc sau

zhzl@ / H o ng v H

<P Lb 2 () (@) + g ([a” +b7 ~271"7) |dz

b” —a”

< %[M(a,b)+N(a,b)] | L[h(t) +h(1-t)]dt.

Chimg minh. déng thirc (4) va (6), ta c6

Tir cac dang thic trong (1) két hop véi cac bat

T k)

< Rf;l’) ([mp + (1 _t)bp ]l/p )P(g;p) ([mp + (1 _t)bp ]l/p )

1
< Z[f(a) +f(D)lg(@)+gBA@) + (10T (10)

Bét dang thirc can chting minh suy ra bang cach
liy tich phan cac bat dang thirc (10) theo ¢ trén
doan [0,1] voiluuy rang

1

jo B, (" +(1-0p"1"7 )P, ([ta® +(1-1)b* 1" ) dt

— L p pivp P rlp

_Zjo[f([m +(1=0)b"1")+ £ ([0 -1)a” +1b"] )]

<P jb 2 ()] g2)+ g ([a” +b" ~271"7) |dz

b[’ _aP
= %szplf(Z)[g(z)+g([ap +b? _Zp]up)] dz. (1)

Ta két thiic chimg minh.

Pinh li 10. Gia st w 1a ham khong am, kha tich trén doan [a,b], va dbi xting qua diém
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.Néu f va g la cac ham (p,h)

a’ +b* v
2

-16i d6i xtmg hoa trén doan [a,b] sao cho fgw

kha tich trén [a,b] va h(%j # 0 thi ta c6 cac bét

dang thic sau

1 7 x?+y?f v x?+yr
2h? (1J 2 L2
2

T” J:v w(z)dz

< );P%XPJ.: Zp—lf(Z)W(Z)[g(Z) + g([x” L yP g )] i

ZP

P

<—L —[M(a,b)+N(a,b)] Lyzpli{
y =X

y

voimoi x,y €la,b].

_ yP—z?
—XPJ|:h[yp — X7

xp

)+h[22_"z ﬂw(z)dz,
yr—x

Chirng minh.
Nhan  bat dang thuc  (10)
w([(1-£)a” +1b*]'"), sau d6 Iy tich phan bit

voi

dang thire vira thu duoc ta suy ra bat dang thirc can
chirng minh.
4. KET LUAN

Trong bai bao nay, chung t6i da thiét 1ap mot
s6 bat dang thuc kiéu Hermite-Hadamard va
Hermite-Hadamard-Fejér cho tich cia hai ham
(p,h)-16i. Cac két qua cua chiing t6i mo rong va
tong quat hoa cac két qua hién co trong cac tai lidu
(Pachpatte, 2003; Budak and Bakis, 2020). Nhiing
két qua twong tu ciing dugc trinh bay cho 16p ham
(p, h)-16i d6i xing hod, phat trién tiép nghién ctru

cua (Thong, 2023). Ngoai ra, chung t6i cling da
khai thac cac tinh chét ciia tich phan bac khong
nguyén Riemann-Liouville dé thiét 1ap thém cac
bat déng thirc méi, md rong cong trinh cua (Budak
and Bakis, 2020).

Trong nhitng nghién ctru tiép theo, ngoai viéc
thiét 1ap nhitng bat dang thirc méi cho tich hai
ham (p, h)-16i, chiing t6i s& nghién ctru dé dua ra
nhitng lam min cho cac bét dfmg thirc da dat duoc.

Loi cam on.

Nghién ciru nay dwoc tai tro boi Trueong Dai
hoc Tay Nguyén trong khudn kho Dé tai nghién
citu khoa hoc cdp co sé nam 2025. Ma s6 dé tai:
T2025-03CB. Nhom tdac gia xin tran trong cam on
sw ho tro quy bdu tir Nha trieong.
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HERMITE-HADAMARD-TYPE INEQUALITIES FOR PRODUCT OF TWO (p,%)
-CONVEX FUNCTIONS

Le Ba Thong!, Nguyen Ngoc Hue!
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ABSTRACT

In this paper, we establish Hermite-Hadamard-type inequalities for the product of two (p,h)
-convex functions. These inequalities generalize classical results for convex functions. Based on the
results obtained, we demonstrate Hermite-Hadamard-type inequalities for the product of (p, %) -convex
functions related to the Riemann-Liouville fractional integral and for the product of two symmetrized
(p,h) -convex functions.

Keywords: (p,h)-convex function, symmetrized (P,h)-convex function, Hermite-Hadamard
inequality, Fejér inequality, Riemann-Liouville fractional integral.
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